many fields, spatial interpolation is used to evaluate physical data in a continuous domain. The many different techniques offer different performances, according to the characteristics of initial data points. The aim of this paper is to provide help in choosing and evaluating the technique that best suits the data set: a few indices measure the quality of interpolation by different viewpoints. An extensive test-case is reported, involving four different interpolation methods. Data sets are generally connected with environmental topics or taken from literature.
INTRODUCTION
The generation of continuous surfaces starting from irregularly distributed data is a task for many disciplines. There is a variety of methods which can perform this task, but the difficulty lies in the choice of the one that best reproduces the actual surface.
Each method has its own advantages and drawbacks, which depend strongly on the characteristics of the set of point data: a method that fits well with some data can be unsuited for a different set of data points, or if measured in different locations of the same surface. Thus, it is important to give a few criteria to decide if the method chosen is suited for the point data set. Nevertheless, it is important to specify the aims of the interpolation, because different aims can produce different criteria of evaluation of the interpolation. In this paper, four different methods have been applied to several test cases, respectively: Inverse Square Distance Method, Kriging Method, Hardy's Multiquadric Method, and Tension Finite Difference Method. Each method was tested with different parameters, so that the sensitivity of the method to its parameters can also be evaluated. Names can be misleading, but these methods will be discussed in detail in the following.
Test cases have been taken mainly from environmental studies. To compare results of different interpolation schemes, it was decided to analyze the related grids obtained at regularly spaced points. Moreover, Franke point data sets [I] were used to improve the methods' comparison.
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INTERPOLATION METHODS
The four interpolation methods were chosen mainly for the availability of their source codes and will be briefly explained in this section. The interested reader can find specific details in the quoted references. This section is not necessary for general understanding of this paper, and can be skipped.
For the sake of clarity, the method classification quoted in [2] will be used. In this clsssification, spatial interpolation is divided into two main categories; point interpolation and area interpolation (we are interested only in the first). Point interpolation is divided into two subcategories; exact methods and approximate methods, respectively, whether or not they preserve the original point values.
In that sense, we have used two exact methods, Kriging and Hardy's Multiquadric, and two approximate ones, Inverse Square Distance and Tension Finite Difference. Note that the characteristics of preserving the point values depend strongly on the particular implementation of the method.
Inverse Square Distance Method
The principle behind this method [3] is to give more weight to nearby points than to distant points. Stating f(z, y) the analytical expression of the surface, we have: (1) where N is the number of data points, Wj is point j value, dj is the Euclidean distance with point j, and w(d) is the weighting function. In our example, w(d) has this formula:
where dmin is minimum distance and d,,, is maximum distance. Index dmin prevents infinite weight values for d = 0, while index d,, avoids using too distant points. If no points fall into the circle of radius d,,,, average data value is taken.
Reported here are a few considerations on the advantages and disadvantages of using this method. The main advantage is its simplicity; the second one is that this method leads to reasonable results for a wide variety of data, and, moreover, there is no problem with results exceeding the range of meaningful values.
On the other hand, there are several drawbacks. First of all, the method is very sensitive to the weighting function. Second, the method can be affected by uneven data points distribution. Finally, the method has scarce predictive characteristics: for instance, global maxima and minima are always among data points.
Kriging Method
Kriging is a geostatistical method for point interpolation. It derives its name from D.G. Krige, who introduced the use of moving averages to avoid systematic errors in interpolation (41. The generalization of this method was developed by Matheron [5] . Kriging states the statistical surface as a regionalized variable, with a certain degree of continuity. The Kriging estimate is known as the Best Linear Unbiased Estimate (BLUE), because it is a linear combination of the weighted sample values, whose expected value for error equals zero and whose variance is a minimum. The implementation used in our paper is the simplified version of Kriging suggested by Trochu [6] .
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The main characteristic of Kriging is the generalized covariance k(d). It was proved [7] that Kriging in the presence of a linear drift is equivalent to spline interpolation for the following generalized covariances:
In our case, we used the following formulas for the two-dimensional case [6] :
I 0, 
j=l...N where ai, bj are calculated resolving the following linear system: The first N equations express the condition that Kriging is an exact interpolator, while the further three find the coefficients of the plane that fits data points.
Hardy's Multiquadric Method
This method was first formulated by Hardy [8] and was applied in different disciplines. The surface is made of the sum of several cones, whose vertex is placed in the data points.
The formula of a cone is:
where x0, ys are the coordinates of the vertex of the cone, and o is the slope of its surface. When we consider the whole surface, constituted by N cones with vertices in the data points, we obtain the following formula: 
where vj is data value in point j, and d,,j is the Euclidean distance between points i and j. This method provides an elegant way to obtain a continuous surface by interpolation of scattered data. The disadvantages are mainly connected with the difficulty in solving the linear system: in fact, its size increases with the number N of data points. 
Tension Finite Difference Method
This method finds the surface that solves a differential equation, and at the same time, fits data points. From an operational point of view, a regular grid is defined and data values are assigned to the including cell, so that this method becomes no more exact. It was proposed by Brings [9] and developed by Smith [lo] , inside the General Mapping Tool system [ll], a free software for scientific use. In formula:
where A is the Laplacian operator, A2 is the biharmonic operator and T is a tension factor between 0 and 1. When T = 0, undesired oscillations and false local maxima and minima can be noted, while when T = 1, no maxima and minima are possible except at control data points. In [ll], a value of T 2 0.25 is suggested for potential field data, while a value of T Z 0.35 is preferable for steep topography data.
Because the implementation considers a regularly spaced grid, the solution accuracy depends mainly on the grid dimension. In our examples, the number of data points (and hence of initialized grid cells) was always well under the number of grid cells. The parameter T plays an important role in determining the quality of interpolation; that is, by varying its value, it is possible to have better control of results. As mentioned above, the source code for this method was taken from General Mapping Tool software.
COMPARISON OF DIFFERENT METHODS
The aim of this paper is to provide a criterium for choosing the best (or at least a good) interpolation for the set of data values. It is not so easy to decide which interpolation is better by looking only at the corresponding contour lines, and often interpolated surfaces can be very different among various methods.
First, there is the difficulty in defining the viewpoints according to which an interpolation can be said to be good, and different viewpoints can lead to different rankings of the methods. Here we considered two viewpoints, prediction and characterization, which will be explained in the following.
A previous analysis must have been done on point data characteristics. The spatial distribution and the variance of experimental data greatly influence the interpolation process, making it necessary to relate the quality of the interpolation to point data. In this context, some indices were defined to a give a first idea about point data characteristics in terms of spatial homogeneity and experimental surface roughness. For the sake of simplicity, spatial coordinates are normalized: this does not affect the generality of the following considerations. The characteristics considered for a point data set are the kind of spatial distribution and the level of surface roughness. For the first attribute, the uniform index u is defined, dependent on the number of point data N:
where s(N)
ifd>s.
According to the formulas, u measures the average number of points that fall into the circles of radius s(N) centred in the data points.
It can be noted that s(N) decreases with N. On average, a circle of radius s(N), randomly centred in the normalized square domain, contains x points (this can be obtained by comparing circle area with domain area). As we said before, circles are always centred on data points, thus including at least the centre data point. Border effects (i.e., points whose circle overlaps the domain), decreasing for larger N, and circle positioning effects (i.e., inclusion of at least one point in the circles), increasing for larger N, must be taken into account. First of all, border effects can be accurately evaluated.
The evaluation results in a formula that describes the average number of points in the circle as a function of N (in the appendix, the derivation of this formula is reported):
Then, to avoid considering circle positioning effects, we can modify the previous formula, not considering point i when it is the centre of the circle. It is equivalent to test with random point i the remaining N -1 points; globally, N circles are used for a fictitious data set of N -1 points. In that case, this new formula is obtained:
Index u, which ranges from 0 to (N -l)/n( N -l), is about 1 for uniform and random distribution, is less than 1 for uniform, not random, distribution, while it is more than 1 for not uniform and, possibly, not random distribution.
Possibly, point data sets with index u Z 1 that have not a random uniform distribution can be found, but on average, u measures efficiently these characteristics of spatial distribution. Function r(d) is introduced to measure surface roughness.
Here it is in formula:
and a, is the standard deviation of vi, d is an appropriate value of distance. This index measures how variables are spatially correlated.
Let d, and d, be the distances between, respectively, the nearest and furthest pair of data points. With d greater than d,, r(d) nearly compares the variance of vi, weighted by pair distance, with the variance of vi itself. It can be noted that, if the term that depends on di,j is neglected, r(d) is N/(N -1) and nears 1 (see the Appendix). N) ) is another important index whose meaning is similar to that of r(dl), on a different, spatial scale: its advantage is that it takes into account the number N of data points. Finally, we considered d,, greater than s(N), 114 C. CARUSO AND F. QUARTA as the maximum value of d for which r(d) is always less than 70% of r(dz). We defined dp greater than s(N) to avoid unlikely computation with a little number of data pairs. The greater dp, the better the spatial correlation of the function. After the evaluation of point data characteristics, it is important to decide how to measure the quality of interpolation. As we mentioned before, we chose two viewpoints. Prediction states that the best interpolation is the one that minimizes the prediction error in an unknown point. Characterization states that the resulting surface must globally look like the actual surface (i.e., a steep actual surface must lead to a resulting steep surface and so on). Often prediction and characterization can be in conflict: for instance, in very rough surfaces the best estimate can be the average of data points, thus resulting in a flat surface.
Prediction
Prediction tells that the best interpolation is the one that minimizes the prediction error in an unknown point. But, unfortunately, we have no knowledge of the true value in unsampled points. Thus, the idea is to simulate this situation. We considered each data point and executed the interpolation ignoring it; then the interpolated value for this point was compared with the true value. This procedure is called crossvalidation [12, 13] . We thus had two sets of iV data, the measured values and the calculated ones. To judge how calculated values fit measured ones, we used Theil decomposition [14] and then analyzed its terms (R2, bias, slope, residuals). The most important factor is R2, called expected variance, which tells the degree of prediction of the model. R2 is by definition a number less equal to 1, and the more it nears 1, the better the fitting between measured and calculated data. If R2 equals 0, the method has the same predictability of the average of data points, while if it is negative, it has a negative correlation. As a final indicator of prediction performances, we used R2 between observed and crossvalidated data, namely Ri.
Characterization
Characterization states that the resulting surface must globally look like the actual surface.
Even in this case, unfortunately, we do not know the actual surface; we know only sampled point values. The idea is to associate some statistical characteristics, evaluated for a subset of the actual surface (the sampled set) to the whole surface: from a statistical point of view, that means that sampling was clone randomly, so that statistical indices can be compared. This is not always the case, but that seemed a good approach to general problems.
We introduced an index to describe surface roughness of a set of data points. We defined the same roughness index (adapted to the interpolated surface) calculated on grid points:
where Vj is grid value in j, X and Y are grid node coordinates (integer numbers), and Di,j is the distance between point data i and grid data j. In this case, we considered both point and grid data sets, in a mixed formula. We recall that point data are experimental values, while grid data are obtained by interpolation on a regular grid.
The idea is that function R(d) should be similar to function r(d), or again, a surface with R(d) similar to r(d) should have a greater probability of being the exact surface that produced our set of point data. The comparison between R(d) and r(d) was done by sampling the functions for a few values of d, say di, greater than s(N). The two sets of data, r(d,) and R(di) were compared again with Theil decomposition and corresponding parameters were evaluated. Even in this case, visual analysis of these functions can help the understanding of the interpolation characteristics. As a final indicator of characterization performances, we calculated the explained variance between r(di) and R(di), namely R:.
To summarize the previous concepts, two indices help in evaluating prediction and characterization performances of the interpolation method used. Prediction index is R$ while characterization index is Rz. The more they near 1, the better the interpolation. The indices u and r(d) of point data set ccan suggest if Ri and Rz values can be considered good, even if they do not approach 1.
As a final indicator, the use of Rt, defined as the average of indices Rz and Rz, was suggested:
We were interested in positive values of R2 indices, negative values indicating that the interpolation model is totally inefficient in reproducing experimental data. That is why we chose to consider-l as a lower bound for all these indices.
RESULTS
The simulation was performed on 15 data sets, concerning a few environmental test cases. For the sake of simplicity, all data sets have the z,y coordinates normalized. It must be said that the same scale factor was used for both x and y direction.
Moreover, 18 data sets, obtained from three sets of points and six different generating functions taken from literature [1, 15] were tested. This allows a more concrete possibility of comparing the study results. Even in this case, the interpolation domain ranges from 0 to 1 for both z and Y coordinates. Reported here are the generating functions: All data sets can be requested via e-mail at the following address: 103i'caru@s1. cise. it. In Tables 1 and 2 (21)
cases. For literature cases, a few points are outside the square domain; thus, to compute correctly uniform index u, x, and y coordinates were normalized, with respect to the square domain ranging from -0.1 to 1.1 in both directions, which contains all data points. For each data set, the following methods were applied: Globally, 16 different method versions were executed for each test case. For each execution, a regular grid of 26 x 26 values, with a step of 0.04 units in both x and y directions, was generated. Method versions will be indicated with the first letter of method, followed by three digits for the parameter value.
In Tables 3 and 4 , the average value obtained by the 16 method versions for indices R$ Rz, and RF is reported for both environmental and literature test cases. For literature cases, for which the actual surface is known, another index, Rz, was introduced, obtained via Theil decomposition by comparing surface values and grid values for all 26 x 26 cell values.
Looking at Tables 1 and 2 , the test cases that seem easier for interpolation (U almost 1, r(d,) and r(S(N)) low, d, high) are BA, SA, QU, Al, Bl, A2, C2, and A3. Conversely, the cases that appear worse for interpolation (u possibly not very close to 1, r(d,) and r(S(N)) high, dp low or not defined) are CS, DB, SO, TX, PG, TM, B5, and C5. On average, these considerations are confirmed by indices of Tables 3 and 4. In Tables 5 and 6 , average methods and versions performances are reported for both environmental and literature test cases. Average method performances were calculated by averaging interpolation indices for a single method, varying its parameter, on all experimental cases. On the contrary, version performances were calculated by averaging interpolation indices on all test cases, fixing the method and its parameter. Even in this case, Ri is also reported, for literature data. Method ranking changes meaningfully in the two classes of test cases. This happens because some methods work better with difficult test cases, but have worse performances with simpler data sets. Literature data are on average simple cases, while environmental data can have difficult situations to interpolate. In Tables 7 and 8 , the number of best and worst cases for methods and versions are reported for both environmental and literature test cases. Again, for literature data, this information is also reported for Rz. Method ranking is less different than in Tables 5 and 6 In any case, all the remarks obtained from analysis of Tables 5-8 are not meant to suggest to the reader a general methods ranking, but only a means of interpretation of proposed indices.
Interpolation Methods Comparison
At the end of this section, it seems useful to present the analysis of a single test case. Case Bl was chosen for two reasons. First, the knowledge of actual surface can help evaluating the results, second, case Bl shows different performances when different evaluation criteria are adopted. In Table 9 , the interpolation indices for all 16 versions are reported.
In Figures 3-6 , the resulting surface, obtained by four interpolation method versions, compared with the actual surface, are shown. In these figures, shaded colours indicate the actual surface, contour lines indicate the interpolated surface, and markers indicate sampled points.
CONCLUSIONS
Spatial interpolation is a technique used to evaluate physical data in a continuous domain. In this paper, a comparison of interpolation methods was proposed.
First of all, the point data set is analyzed in order to obtain useful information for the interpolation process.A few indices can suggest if methods are likely to produce a good interpolated surface, or if data do not show a significant spatial correlation. In any case, these indices can also suggest which kind of method would probably have better performances.
After creating the grid, other indices can be used to judge the interpolation performances, evaluated from different viewpoints. Sometimes, different purposes can result in different method ranking.
This approach seems to give a means of evaluating the whole interpolation process in order to choose a good method. In any case, this approach is not meant as a substitution for the judgment of experts in the fields investigated, who can use different and often more reliable criteria in evaluating a specific case.
APPENDIX
The derivation of formulas for calculation of uniform index u and for roughness index r(d) are here reported.
Uniform
Index u
The average number of points that fall into a circle of radius s(N) in the normalized square domain is obtained comparing the circle area, ns2(N), with the domain area, 1. But the area that overlaps the domain can be less than .rrs2(N), because of border effects. We introduced the function g(x, y, N) that measures the circle area inside the domain, as a function of x, y and of the number of data points N. It is defined differently according to the subregion in which it is considered. For convenience, the square domain is divided into four different subregions, as in Figure 7 . To avoid a misleading definition of subregions, s(N) should be less than 0.5, thus resulting in N 2 4. In subregion a, the circle is completely inside the domain; in b, the circle has a sector outside the domain; in c, the circle contains a vertex of the domain, and in subregion d, the circle has two sectors outside the domain. The following formula is computed for the shaded subregions (the others are symmetric):
with (z, y) E a, 
with (z,~) E d.
These equations are obtained with trigonometric formulas. Thus, integrating g(z, y, N) over the domain, we obtain: The tedious calculations to obtain the simplified expression of n(N) presented in the paper are not reported here, but can be verified by the interested reader. 
